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Abstract
We compute constitutive relations for a charged (2 + 1) dimensional Schro¨dinger fluid
up to first order in derivative expansion, using holographic techniques. Starting with a
locally boosted, asymptotically AdS, 4 + 1 dimensional charged black brane geometry, we
uplift that to ten dimensions and perform TsT transformations to obtain an effective five
dimensional local black brane solution with asymptotically Schro¨dinger isometries. By
suitably implementing the holographic techniques, we compute the constitutive relations
for the effective fluid living on the boundary of this space-time and extract first order
transport coefficients from these relations. Schro¨dinger fluid can also be obtained by
reducing a charged relativistic conformal fluid over light-cone. It turns out that both
the approaches result the same system at the end. Fluid obtained by light-cone reduction
satisfies a restricted class of thermodynamics. Here, we see that the charged fluid obtained
holographically also belongs to the same restricted class.
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1 Introduction and summary
Gauge/gravity duality plays an important role to study different properties of fluid dynamics.
The duality has been used extensively to obtain holographic stress-tensor and other conserved
quantities up to second order in derivative expansion for a fairly general class of relativistic
fluids. Holographic study opens up a new paradigm in fluid dynamics where different parity-
odd transports are present. Study of parity-odd hydrodynamics has become a very fascinating
topics in recent years.
Most of the recent developments in fluid dynamics are focused to relativistic systems. Much
attention has not been paid to non-relativistic systems3. Non-relativistic fluids, in particular,
are interesting as they are expected to be realised in low energy experiments. A non-relativistic
systems can be thought of an effective low energy (velocity) description of an underlying rela-
tivistic systems. Hence, it is natural to expect that the constitutive relations of a non-relativistic
fluid, obtained as an effective description of a relativistic theory, also contain parity-odd terms.
There are different ways to take non-relativistic limit of a relativistic system. It is well known
that under discrete light-cone reduction (LCR), (d + 1, 1) dimensional Poincare´ algebra boils
down to d dimensional Galilean algebra. Since hydrodynamics is a low energy fluctuations of
equilibrium quantum field theory, LCR of relativistic constitutive relations produces consti-
tutive relations of a Galilean fluid in one lower dimension [4–6]. All the thermodynamic and
hydrodynamic data of non-relativistic fluid are completely fixed in terms of the corresponding
relativistic fluid data. However [6] observed that the reduced non-relativistic fluid obtained
3Non-relativistic conformal field theories with Schro¨dinger group symmetry consists of the usual Galilean
invariance, the scaling symmetry as well as the particle number symmetry [1–3].
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by LCR follows some restricted class of thermodynamics i.e. thermodynamic variables satisfy
an extra equation. This extra condition follows from the demand that reduced non-relativistic
fluid satisfies first law of thermodynamics and Euler relation locally. This extra relation im-
plies that LCR provides a particular kind of fluid which satisfies that equation locally. A more
general class of non-relativistic fluid4 can be obtained by light cone reduction if we start with
a modified relativistic system called ”null fluid” [8, 9].
Gauge/gravity duality also offers a platform to explore properties of fluids order by order
in derivative expansion [10–12]. It would be interesting to understand whether holographic
technique will result a generic class of Galilean/ Schro¨dinger fluid in comparison to LCR. In
this paper we holographically construct the constitutive relations for a non-relativistic charged
fluid up to first order in derivative expansion using the fluid/gravity correspondence. A similar
study was done by [4, 5], where the authors computed non-relativistic currents and transport
coefficients using the LCR dictionary between relativistic fluid and non-relativistic fluid5. They
used holographic values of relativistic transports [10–12] to find transports of non-relativistic
fluid using the LCR dictionary. A direct computation of fluid constitutive relations from bulk
was missing in their work. In this paper, we follow a completely different route. We start with
dual holographic geometry of a relativistic charged conformal fluid [11, 12]. We uplift this five
dimensional solution to ten dimensions to fit as a solution of type IIB string theory. Performing
TsT transformations followed by a dimensional reduction over five sphere we obtain an effective
five dimensional geometry whose asymptotic symmetry group is not Poincare´ but Schro¨dinger.
This effective five dimensional geometry can be written as a solution of equations of motion
obtained from an effective five dimensional action [5, 13, 14]. We find the boundary action for
this effective theory for well defined variation. Following [15], we compute the constitutive
relations for Schro¨dinger fluid from this boundary action .
In summary, there are two different paths to find constitutive relations for non-relativistic fluid
dynamics holographically.
• Path I : Construct dual holographic geometry of a relativistic fluid and apply AdS/CFT
dictionary to obtain conserved currents and transports of boundary system [11, 12]. Ob-
tain non-relativistic currents and transports by using the LCR dictionary between rela-
tivistic fluid and Schro¨dinger fluid [4, 5].
• Path II : Consider holographic spacetime for relativistic fluid [16, 17]. Apply TsT trans-
formation on this geometry to obtain bulk dual of an asymptotically Schro¨dinger fluid.
Construct conserved current of boundary theory using AdS/CFT prescription [15] and
find out the transports from those currents.
It would be interesting to understand if these two paths are compatible to all orders in deriva-
tive expansion. In this paper, we follow the second path to obtain non-relativistic constitutive
relations for a U(1) charged fluid. We observe that path I and path II are same up to first order
4See also [7].
5LCR provides a dictionary between non-relativistic fluid variables, transports and those of non-relativistic
fluid. See section 2 for details.
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Figure 1: Light-Cone Reduction vs TsT Transformations.
in derivative expansion. The non-relativistic fluid obtained by LCR has restricted thermody-
namics : LCR of relativistic first law and Euler relation provides correct first law and Euler
relation for non-relativistic system at the cost of a constraint relation between non-relativistic
energy density, pressure and mass density. In this scenes, LCR provides a restricted thermody-
namic system. While obtaining the constitutive relations using holography it turns out that the
′+′ component of relativistic velocity u+(x) plays the role of mass chemical potential and terms
proportional to derivative of mass chemical potential (∂iu
+) appear in constitutive relations.
We explicitly check that the non-relativistic fluid, obtained holographically is same as that ob-
tained by LCR. We compare our results with [6] and show that the holographic non-relativistic
fluid also belong to the same restricted class up to first order in derivative expansion. We
summarise our observations in a commutative diagram given in figure 1.
Organization of this paper is following. In section 2 we briefly review the main results of LCR
of relativistic charged fluid. Construction of bulk geometry for non-relativistic charged fluid has
been discussed in section 3. The main results (constitutive relations and transport coefficients
for non-relativistic charged fluid) of this paper are given in section 4. Finally, we provide a
vivid discussion on our results in section 5.
2 Light cone reduction of relativistic fluids
In this section we discuss how non-relativistic constitutive relations and transports can be
obtained from relativistic data [4–6]. We start with relativistic constitutive equations and
reduce these equations along light-cone direction. Non-relativistic quantities like energy density,
pressure etc. are given in terms of relativistic stress tensor.
A conformal relativistic fluid in flat (d+1, 1) dimensional spacetime with U(1) isometry is given
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by the following two conservation equations
∂µT
µν = 0,
∂µJ
µ = 0
(2.1)
where T µν is energy momentum tensor, given by
T µν = (E + P )uµuν + Pηµν + Π
µν (2.2)
and Jµ is conserved U(1) current,
Jµ = nuµ + Υµ. (2.3)
E,P and n are energy density, pressure and charge density respectively. Πµν and Jµ are
dissipative part of energy-momentum tensor and charge current. Up to first order in derivative
expansion they are given by,
Πµν = −ηrelP µαP νβ
[
∂αuβ + ∂βuα − 2
d+ 1
ηαβ∂ · u
]
, P µν = ηµν + uµuν
Υµ = −%P µν∂ν
(
M
T
)
− γP µν∂νT + flµ, lµ = µαβγuα∂βuγ
(2.4)
where T and M are temperature and U(1) chemical potential. ηrel, %, γ are shear viscosity,
charge conductivity, thermal conductivity respectively. f is a parity-odd transport. Since we
are dealing with relativistic conformal fluid (i.e. T µµ = 0) its bulk viscosity coefficient is zero
and the fluid satisfies an equation of state E = 3P .
We are considering the fluid in a flat background (in absence of any external fields). The metric
is given by
ds2 = −(dx0)2 + (dxd+1)2 +
d∑
i=1
(dxi)2. (2.5)
We introduce the light-cone coordinates,
x± =
1√
2
(
x0 ± xd+1) . (2.6)
In the light-cone frame the metric can be written as,
ds2 = −2dx+dx− +
d∑
i=1
(dxi)2. (2.7)
Since, the symmetry algebra of the relativistic theory reduces to corresponding non-relativistic
symmetry algebra upon light-cone reduction, the QFT in this light-cone frame evolves in light-
cone time x+ for fixed light-cone momentum P− and thus we obtain a system in d+1 dimensions
with non-relativistic invariance. This is known as discrete light-cone quantization of quantum
field theories.
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Since hydrodynamics is low energy fluctuation of equilibrium quantum field theory, light-cone
reduction of relativistic constitutive equations boil down to the non-relativistic constitutive
equations for a fluid in one lower dimension. We consider a relativistic anomalous fluid system
in (3 + 1) dimensions and reduce the constitutive equation over light-cone coordinates and
obtain the corresponding non-relativistic equations for a fluid in one lower dimensions. We also
find a mapping between the degrees of freedom of the (d+ 2)-dimensional fluid to the degrees
of freedom of the (d+ 1)-dimensional fluid.
We denote the d spatial coordinates with xi. Metric components in light-cone coordinates are
given by
gij = δij and g+− = −1, (2.8)
rest are zero. Gradient operator is given by,
∂µ = {∂+, ∂−, ∂i} and ∂µ = {−∂−,−∂+, ∂i}. (2.9)
We shall reduce the theory along the x− direction, and consider x+ to be the non-relativistic
time. We consider only solutions to the relativistic equations that do not depend on x−; that
is, all derivatives ∂− vanish.
The reduction of relativistic conservation equations for energy-momentum and charge current
are given by:
∂+T
++ + ∂iT
+i = 0, ∂+T
+− + ∂iT i− = 0
∂+T
+j + ∂iT
ij = 0, ∂+J
+ + ∂iJ
i = 0.
(2.10)
These equations are similar to non-relativistic equations
∂tρ+ ∂i(ρv
i) = 0, ∂t(ρv
i) + ∂i(t
ij) = 0,
∂t(+
1
2
ρv2) + ∂i(j
i) = 0, ∂tQ+ ∂i(j
i
q) = 0
(2.11)
under following identifications
T++ = ρ, T i+ = ρvi, T+− = ε+
1
2
ρv2, T i− = εi, T ij = tij,
J+ = Q, J i = jiq.
(2.12)
We use these mappings to find the following relations between relativistic and non-relativistic
parameters.
ρ = (E + P )(u+)2, vi =
ui
u+
− η
ρ
Yi, p = P, ε =
1
2
(E − P )
εi =
(
+ p+
1
2
ρv2
)
vi − ησikvk − κT∂iτ − τσ∂i
(µ
τ
) (2.13)
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and
Q = u+n+ u+$,
ji = Qvi − κq∂iτ − τσq∂i
(µ
τ
)
− m˜∂ip+ κ˜qij∂jτ + τ σ˜qij∂j
(µ
τ
)
− m¯ij∂jp
(2.14)
where,
Yµ =
(
∂µu+ − u
+∂µP
E + P
)
, $ = −%uν∂ν
(
M
T
)
− γuν∂νT − fiju+∇ivj. (2.15)
Non-relativistic temperature, U(1) chemical potential and charge density are given by
τ =
T
u+
, µ =
M
u+
, Q = nu+. (2.16)
Non-relativistic transport coefficients are given by
η = ηrelu
+, κT =
η
τu+
, σ = ηrel
Q
ρ
, κq =
κQ
2(ε+ p)
, τσq =
[
%+
τσQ
2(+ p)
− m˜Qτ
]
,
m˜ =
γτu+
2(ε+ p)
, κ˜q = κT
f(u+)2
η
, σ˜q = σ
f(u+)2
η
, m¯ =
2f(u+)2
ρ
.
(2.17)
The above relations are the dictionary between relativistic and non-relativistic fluid data. Us-
ing fluid-gravity correspondence one can compute constitutive relations and transports for
relativistic fluid [11,12] and then using the above dictionary find transports for non-relativistic
fluid [4, 5].
One can also check that starting from relativistic thermodynamic relations : dE = TdS +
Mdn (first law) and E + P = ST + nM (Euler relation) one obtains usual non-relativistic
thermodynamics : dε = τds + µdQ + %mdρ (first law) and ε + p = sτ + %mρ + µQ (Euler
equation) if ε + p + %mρ = 0. The last equation puts a further restriction on non-relativistic
thermodynamics.
3 The bulk geometry for non-relativistic charged fluid
In this section, we construct the bulk geometry that is dual to a non-relativistic conformal
charged fluid theory living on its boundary. We begin with a locally boosted charged black
brane solution in 4 + 1 dimensional AdS space [11,12]. We uplift the solution to 10 dimensions
and then perform TsT transformations to obtain a new solution with a Schro¨dinger symmetry
at the boundary. The effective five dimensional theory contains a metric, a mass-less gauge
field, a massive gauge field and a dilaton. The mass-less gauge field corresponds to a global
U(1) current on the boundary.
6
3.1 Locally boosted charged black brane geometry and hydrody-
namics
The Einstein-Maxwell action with a gauge Chern-Simons term in AdS5 space is given by,
S =
1
16piG5
∫
d5x
√−g
(
R + 12− FabF ab − 4κ
3
abcdeCaGbcGde
)
. (3.1)
The AdS radius has been set to 1. Here, C is an abelian gauge field and
Gab = ∂aCb − ∂bCa (3.2)
is the corresponding field strength. The value of the parameter κ is fixed : κ = 1/2
√
3. However,
we shall keep this parameter as κ to trace the effect of this term in final results. Equations of
motion obtained from this action are given by,
Rab − 1
2
Rgab − 6gab − 2
(
GacGcb −
1
4
G2gab
)
= 0
∇bGab + κabcdeGbcGde = 0.
(3.3)
These equations of motion admit a solution for metric and gauge field, which in the boosted
frame is given by (AdS-Reissner-Nordstrom black-brane solution)
ds2 = −2uµdxµdr − r2f(r, q,m)uµuνdxµdxν + r2(uµuν + ηµν)dxµdxν ,
C = −
√
3q
2r2
uµdx
µ
(3.4)
with,
f(r,m, q) = 1− m
r4
+
q2
r6
. (3.5)
The Hawking temperature, chemical potential and physical charge density of this black brane
are given by
T =
1
2pi
(2− q2), φ =
√
3q/2 n =
√
3q
4piG5
. (3.6)
We choose the black hole horizon to be at 1. This implies a relation between the charge
parameter q and the mass parameter m : q2 = m−1. This system is dual to a field theory with
U(1) gauge invariance living on the boundary of AdS spacetime. Thermodynamic properties
of this field theory can be computed from thermodynamic properties of charged black hole in
the bulk.
Low energy fluctuations of a quantum field theory in local thermal equilibrium is best under-
stood in terms of hydrodynamics. Different transport coefficients capture the response of the
system against external probes. Such hydrodynamic properties of a boundary fluid system can
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be consistently studied holographically. Low energy fluctuations in the boundary correspond to
low energy fluctuations of bulk parameters (velocity, temperature etc.). One can consistently
solve the bulk geometry in presence of these perturbations order by order in derivative expan-
sion [10,11] by solving bulk equations of motion and construct stress tensor and other currents
of the boundary system in presence of these perturbations using holographic dictionary [18].
The stress tensor and currents are also written in terms of derivative expansion of velocities,
temperature etc. First and higher derivative terms capture hydrodynamic properties of the
system.
We consider velocities and temperature to be local function of boundary coordinates and expand
them up to first order in derivative expansion [11]
m = m0 + x
µ∂µm
(0), q = q0 + x
µ∂µq
(0), ui = x
µ∂µu
(0)
i . (3.7)
Here ui is i
th component of velocity. Once we consider fluid velocities and temperature are
local functions the metric and gauge field do not solve equations of motion any more. We need
to add more terms to metric and gauge field to satisfy Einstein equation in the bulk up to first
order in derivative expansion. This whole procedure was explicitly carried out in the [11]. Here
we write the final result in a covariant form.
ds2 = −2uµdxµdr − r2f(r,m, q)uµuνdxµdxν + r2Pµνdxµdxν
+ 2uµdx
µr(uλ∂λuν − ∂λu
λ
3
uν)dx
ν + 2r2F2(r,m)σµνdx
µdxν
− 2uµdxµ(
√
3κq3
mr4
lν + 6qr
2P λνDλqF1(r,m))dx
ν
C =
(√
3q
2r2
uµ +
√
3κq2
2mr2
lµ −
√
3r5
2
P λνDλqF
1,0
1 (r,m)
)
dxµ
(3.8)
where,
P νµ = ηνν + uνuµ, σµν = P µαP νβ∂(αuβ) − 1
3
P µν∂ · u
P λµDλq = P
λ
µ ∂λq + 3qu
λ∂luµ is weyl covariant derivative and l
µ = νλσµuν∂λuσ
F1(r,m) =
1
3
(1− m
r4
+
q2
r6
)
∫ ∞
r
dp
1
(1− m
p4
+ q
2
p6
)2
(
1
p8
− 3
4p7
(1 +
1
m
))
F2(r,m) =
∫ ∞
r
dp
p(p2 + p+ 1)
(p+ 1)(p4 + p2 −m+ 1) .
(3.9)
The above solution has Poincare´ isometry at the boundary. Calculating stress energy tensor
and U(1) charge current holographically [18] one finds that these conserved currents describing
a relativistic fluid up to first order in derivative expansion. The stress-energy tensor and charge
current are given by,
Tµν = (E + P )uµuν + Pηµν − ηrelσµν
Jµ = nu
µ −DP νµDνn+ flµ
(3.10)
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where, transport coefficients are given by
E = 3P =
3m
16piG5
, η =
1
16piG5
, n =
√
3q
4piG5
, D = 1 +m
4m
, f =
3κq2
16piG5m
. (3.11)
The relation E = 3P , which is the equation of state for relativistic fluid, implies that the
relativistic fluid is conformal and hence, relativistic fluid has zero bulk viscosity.
In the next subsection we start with locally boosted five dimensional geometry (3.8) and con-
struct a new solution with asymptotic Schro¨dinger isometry by using a solution generating
technique called TsT transformation.
3.2 TsT transformation of locally boosted charged black brane so-
lution
The TsT transformation is a solution generating technique in string theory [13, 19–30]. Su-
pergravity is a low energy solution of full string theory. A solution to supergravity equations
of motion can be shown to be a solution to string theory. A symmetry transformation of
this solution with respect to a supergravity symmetry does not give rise to a new solution
in supergravity. However, if the transformation employed is a symmetry of full string theory
then the transformed solution can be interpreted as a new solution of string theory. In case
of the TsT transformations, T-dualities are performed along the isometry direction, whereas
s-transformation mixes the dualised coordinate with another isometry direction. This transfor-
mation generically changes asymptotic of the resulting metric but is guaranteed to be a solution
to the supergravity equations of motion.
Since TsT transformation is a symmetry of full string theory we first need to uplift the five
dimensional metric (3.8, 3.4 ) to ten dimensions and embed in string theory solution [26,27,31].
The full type IIB 10 dimensional solution is a obtained by a direct sum of five dimensional
metric and a Sasaki-Einstein space and a five form field strength.
Denoting this five dimensional metric
ds25 = gabdx
adxb, where a, b are five dimensional indices (3.12)
the ten dimensional metric is given by
ds210 = gABdx
AdxB = gabdx
adxb + ds2SE (3.13)
where the Sasaki-Einstein manifold here is a five sphere, which can be written as fibration over
CP2
ds2SE =
(
dψ + P − 2√
3
C
)2
+ ds2CP2 . (3.14)
The one form P is given by
P = 1
3
(dχ1 + dχ2)− sin2 α
(
dχ2 sin
2 β + dχ1 cos
2 β
)
, (3.15)
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and
ds2CP2 = dα
2 + sin2 αdβ2 + sin2 α cos2 α(cos2 βdχ1 + sin
2 βdχ2)
2
+ sin2 α sin2 β cos2 β(dχ1 − dχ2)2 . (3.16)
The ten dimensional geometry is supported by a five form field strength is given by
F5 = 2(1 + ∗10)
[(
dψ + P − 2√
3
C
)
∧ J2 − 1√
3
∗5 G
]
∧ J2, where J2 = 1
2
dP , (3.17)
a two form field strength G given by equation (3.2) and a dilaton
Φ = 0. (3.18)
To obtain TsT transformed solution we first define two light-cone coordinates x+ and x−
x+ = γ(v + z) and x− =
1
2γ
(v − z) (3.19)
where γ is twist parameter defined below. Thus we have two isometry direction x− and ψ. The
TsT transformations, then, correspond to performing T-duality along ψ direction, followed by
a shift along x−, i.e., x− → x− − γψ. γ is shift or twist parameter, we often set that to 1.
Finally we perform T-duality back along the ψ direction.
To perform a TsT transformation we write down the five dimensional solution (3.8) in the
following form
ds2 = −2uµdxµdr + Sµνdxµdxν , C = Cµdxµ (3.20)
where,
Sµν = −r2fuµuνdxµdxν + r2Pµνdxµdxν + 2uµdxµr(uλ∂λuν − ∂λu
λ
3
uν)dx
ν
+ 2r2F2(r,m)σµνdx
µdxν − 2uµdxµ(
√
3κq3
mr4
lν + 6qr
2P λνDλqF1(r,m))dx
ν ,
Cµ =
√
3q
2r2
uµ +
√
3κq2
2mr2
lµ −
√
3r5
2
P λνDλqF
1,0
1 (r,m).
(3.21)
Replacing v and z in terms of light cone coordinates x± this metric can be written as,
ds25 = A1(dx
− +K1)2 + ds24 (3.22)
where
A1 = S−−, K1 = 1S−−
(S+−dx+ − u−dr + S−xdx+ S−ydy)
ds24 = −2ua¯dxa¯dr + Sa¯b¯dxa¯dxb¯ +
1
S−− [(2u
−S−− − 2u+S+−)dx+dr
− (u−dr − S−idxi)2 − (S+−dx+ + 2S+idxi)S+−dx+].
(3.23)
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Here xa¯ = {x+, x, y} and xi = {x, y}. Therefore, the full 10-dimensional metric is given by,
Then 10 dimensional metric, therefore, is given by,
ds210 = A1(dx
− +K1)2 + ds24 +
(
dψ + P − 2√
3
C
)2
+ ds2CP2 . (3.24)
There is no NS-NS two form and dilaton to start with. Apart from that we have a five form
field strength and a two form field strength in 10 dimensions given by equation (3.25).
A TsT transformation of the above 10 dimensional solution will give rise to the following 10
dimensional solution6.
dsˆ2 =MA1(dx− +K1)2 +M
(
dψ + P − 2√
3
C
)2
+ ds28, e
2Φˆ =M,
Bˆ2 = A ∧
(
dψ + P − 2√
3
C
)
, Fˆ3 = g ∧ dP , g = 1
2
dC−,
Fˆ5 = F + Bˆ2 ∧ Fˆ3.
(3.25)
where,
M = (1 + γ2A1)−1 and A = −γMA1(dx− +K1) (3.26)
In addition to this there is a two form field strength G which remains unaltered under TsT
transformation.
3.3 Effective five dimensional action and boundary terms
The TsT transformed ten dimensional fields (3.25) can be consistently truncated over S5 [14,23].
Upon KK reduction on S5, the five-dimensional effective solution includes a metric, a massive
vector AM coming from reduction of Bˆ2 over S5, a scalar and a massless vector C, which
was present in the 10D metric before the TsT. One can also obtain an one form from Fˆ3.
However, this one form is not an independent mode of excitation. It is completely fixed by the
massive gauge field and the massless gauge field. Massless gauge field doesn’t change with TsT
transformation and remains same as before. The reduced five dimensional fields in Einstein’s
frame are given by [5],
dsˆ2E = e
4Φ
3 A1(dx
− +K1)2 + e−
2Φ
3 ds24
Aˆ = −γMA1(dx− +K1), Cˆ = Cµdxµ, g = 1
2
dC−
e2Φˆ =Me2Φ, M = (1 + γ2A1)−1.
(3.27)
6We denote all the TsT transformed fields with “hat”. The above solution is written string frame.
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These five dimensional fields are solutions of equations of motions (up to first order in derivative
expansion) obtained from an effective five dimensional action [5]
S5 =
1
16piG5
∫
d5x
√−g
[
R− 4
3
(∂aΦ)(∂
aΦ)− 1
4
e−8Φ/3WabWab − 4AaAa + 16e2Φ/3 − 4e8Φ/3
−1
3
e4Φ/3GabGab − 4e2Φgaga − e−4Φ/3AaGbcAaGbc
−1
2
e−2Φ/3
(
− 2√
3
Gab − 4gaAb
)(
− 2√
3
Gab − 4gaAb
)
+
4κ
3
GabGcdCeabcde
]
. (3.28)
Unlike asymptotically AdS spacetime the metric (3.27) has inhomogeneous asymptotic fall-off.
Therefore, it is not very straight forward to apply Brown-York type analysis to obtain boundary
stress tensor for this geometry. First of all, to obtain a well defined boundary stress tensor one
needs to add a suitable boundary term Sb (which includes counterterms also) to action (3.28)
such that on-shell variation of the total action is zero and boundary stress tensor is finite. The
boundary action for uncharged case is given in [13,21]. In presence of U(1) charge, one can add
extra counterterms for finite answer [32]. However, since the leading massless U(1) gauge field
C and its fluctuations fall sufficiently faster as we approach asymptotic boundary at r →∞, we
do not need any extra counterterms for renormalization. One can also have a ln r divergence
at boundary [33] but in our case (the fluctuations we are considering) such divergences do not
appear. Therefore, the boundary counterterms terms are given by
Sct =
1
16piG5
∫
d4ξ
√−h [−6 + 3Φ2 +AµAµ] . (3.29)
There are other terms, may be added to this boundary action [13], however those terms will
not play any role in calculating boundary stress tensor complex and current. Hence we do not
write them here.
4 Holographic non-relativistic charged fluid
Following the holographic renormalization programme [18,34] in the gauge-gravity duality one
can construct stress tensor for relativistic field theories from a well-defined action principle
by varying the action with respect to the boundary data. In case of TsT transformed bulk
geometries the asymptotic metric is not conformal to a flat spacetime. Non-relativistic time
coordinate and space coordinate have different r dependences, leads to degenerate boundary
metric. It has been discussed in [15] how to obtain a consistent stress tensor complex for a
non-relativistic system in presence of non-uniform r dependence in boundary metric.
TsT transformed five dimensional bulk action (3.28) includes a vector field a scalar field and
massless gauge field. These fields will modify the definition of holographic stress tensor and
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current. We follow the prescription of [35] and [15] (who extended the work of [35] to non-
relativistic spacetime) to determine boundary stress energy complex for charged Schro¨dinger
field theory. On-shell variation of bulk action and boundary counterterm action with respect
to boundary fields is given by
δS5 + δSct =
1
16piG5
∫
d4x
√−h (sαβδhαβ + sαδAα + s˜βδCβ + sΦδΦ) , (4.1)
where,
sαβ = piαβ + 3hαβ +AαAβ − 1
2
AγAγhαβ − 3
2
Φ2hαβ
sα = −nµWµαe−8Φ/3 + 2Aα, sΦ = −8
3
nµ∂µΦ + 3Φ.
(4.2)
Coefficient s˜α is given by,
s˜α = −
(
4
3
e
4Φ
3 +
8
3
e
−2Φ
3 + 4e−
4Φ
3 AbAb
)
naGaα − 8√
3
e−
2Φ
3 na (gaAα − gαAa)
+
8κ
3
√−hn
aaαbcdCbGcd.
(4.3)
The main idea of [15] is that in presence of tensor fields, we have to consider the variation of
boundary frame field eˆ
(A)
α (instead of boundary metric), holding the tangent space components
φ
[I]
AB.... of the matter fields fixed where A,B, .. denote the tangent space indices and I are for
matter fields species. This treatment will provide a stress tensor which will give us conserved
charges using the definition of charges from stress tensor, which will generate the symmetry of
asymptotic spacetime. This charges are conserved up to terms derivatives of other fields.
Writing metric in terms of frame fields and vector fields in terms of tangent space indices we
have
hαβ = eαAe
β
Bη
AB, Aα = eαAAA, Cα = eαACA. (4.4)
Following the analysis similar to [15] we define components of boundary charged non-relativistic
stress energy complex and current as,
δSb =
∫
d4x
√−h
(
Tαβ e
β
Aδe
A
α + sαe
α
AδA
A + sφδφ+ Jαe
α
AδCA
)
. (4.5)
where,
ε = T++ = 2s
+
+ − s+A+ − s˜+C+, εi = T i+ = 2si+ − siA+ − s˜iC+,
ρi = −T i− = −2si− + siA− + s˜iC−, piij = −T ij = −2si j + siAj + s˜iCj,
ρ = T+− = 2s
+
− − s+A− − s˜+C−, Q = J+ = s˜+, ji = J i = s˜i.
(4.6)
Thus addition of massless U(1) field simply adds up a contribution to energy momentum com-
plex like a massive gauge field. At the same time sources a global U(1) charge current at the
boundary : J0 and J i are charge density and charge current respectively.
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Now we have all the terms required to do the computation of various components of stress
energy tensor and current.
4.1 Calculation of constitutive relations
Writing mass and charge parameters (m and q respectively) of black hole in terms of tempera-
ture and chemical potential [36]
m =
pi4T 4
16
(γ + 1)3(3γ − 1), q = φ√
3
pi2T 2
2
(γ + 1)2
where γ =
√
1 +
8φ2
3pi2T 2
.
(4.7)
Here φ is chemical potential and horizon radius r+ is given by
r+ =
pi
2
T (γ + 1). (4.8)
Since, in our holographic calculations, unperturbed horizon radius is set to r+ = 1, the unper-
turbed values of the parameters satisfy
m0 = 1 + q
2
0, φ0 =
√
3q0
2
, T0 =
2− q20
2pi
, γ0 =
2 + q20
2− q20
. (4.9)
m0, q0, T0, φ0 are unperturbed values of m, q, T, φ respectively.
Now we compute non-relativistic constitutive relations order by order in derivative expansion.
We start with ideal (zeroth) order.
4.1.1 Ideal order
We use equation (4.6) to compute mass density, energy density, pressure and charge at ideal
order. They are given by
ρ = 4m0(u
+)2, p = m0, ε = m0, Q = 4
√
3 q0u
+. (4.10)
Following [6], we define non-relativistic temperature and U(1) chemical potential as
τ =
T
u+
, and µ =
φ
u+
. (4.11)
Entropy density of non-relativistic system at ideal order is given by the entropy density of black
hole
s =
r2+u
+
4G5
= 4piu+. (4.12)
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We find that these ideal order variables satisfy non-relativistic Euler’s relation
τs = ε+ p− µQ− %mρ (4.13)
where %m, mass chemical potential associated with mass density ρ, is given by
%m = − 1
2(u+)2
. (4.14)
Also note that non-relativistic system has equation of state ε − p = 0 at ideal order. This is
because the parent relativistic theory was conformal and had equation of state E = 3P . Using
holographic results for relativistic fluid (equation 3.11) we see our holographic computation
matches with LCR computations (2.13) at ideal order : ε =
1
2
(E−P ) and p = P . One can slao
check that non-relativistic thermodynamic variables satisfy a constraint equation ε+p+%mρ = 0
at ideal order.
4.1.2 First order hydrodynamics
We start with first order relativistic solution (3.8) and write down the metric and gauge field in
light-cone coordinates : {r, x+, x−, x, y}. We expand the velocity vector in derivative expansion
in local rest frame and keep terms up to first order in derivative [11]. We consider boundary
indices µ, ν running over {+,−, x, y}. The velocity components are given by,
u+ = 1 + 
(
x+∂+u
+ + xj∂ju
+
)
, ui = 
(
x+∂+u
i + xj∂ju
i
)
. (4.15)
u− component of velocity is fixed by normalization condition u2 = −1
u− =
1
2
− 
2
(
x+∂+u
+ + xi∂iu
i
)
+O(2). (4.16)
 is a derivative counting parameter. Mass and charge parameters are given as
m = m0 + (x
+∂+m+ x
i∂im)
q = q0 + (x
+∂+q + x
i∂iq).
(4.17)
Writing the relativistic metric and gauge field in a local frame and in light-cone coordinates
we perform TsT transformation as described in section 3.2 to obtain five dimensional TsT
transformed geometry (solution) as given by equation (3.27). The expressions are very lengthy,
hence we refrain ourselves to produce those expression in the paper. As a consistency, one
can check if these solutions satisfy effective five dimensional equations of motion obtained from
the action (3.28). We find that the TsT tranformed geoemtry satisfy 5D equations of motion
provided
∂+u
+ =
1
2
∂iu
i, ∂+m = −4m0∂+u+, ∂im = 4m0∂+ui, ∂+q = −3q0∂+u+. (4.18)
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These relation can also be obtained by doing the light cone reduction of relativistic constraint
relations obtained in [11].
Using the relations (4.7), we express derivatives of mass and charge in terms of derivatives of
temperature and chemical potential in the following way,
∂im = 4pi∂iT + 4
√
3q0∂iφ
and ∂iq =
2q0
γ0T0
∂iT +
2(2 + 5q20)√
3(2 + q20)
∂iφ.
(4.19)
Using the holographic constraints (4.18) and equations in (4.7) we find that
∂+
(µ
τ
)
= 0 (4.20)
and
∂+u
+ = − 1
2τ
u+∂+τ. (4.21)
In non-relativistic constitutive relations we have terms proportional to ∂iu
+. We identify this
term with derivative of mass chemical potential. From equation (4.14) we have,
∂iu
+
u+
= −∂i%m
2%m
. (4.22)
Thus, the constitutive relations for non-relativistic fluid can be written as derivative expansion
of temperature, mass-chemical potential and U(1) charge-chemical potential. However, we
define a new basis to write the constitutive relations in a more compact form. We use a
reduced chemical potential
∂iν ≡ ∂i
(µ
τ
)
(4.23)
such that ∂+ν = 0 and a redefined mass chemical potential
∂iµm ≡ ∂iu+ = u+3∂i%m. (4.24)
Hence, we display our constitutive relations as derivative expansion of (τ, ν, µm). From equation
(4.6) we find7 non-relativistic stress tensor quantities energy density ε, energy current εi ,
spatial stress tensor piij, mass density ρ and mass current ρ
i. Here we have suppressed a factor
of 16piG5.
ρi = ρvi, piij = pδ
i
j − ησij, i =
(
+ p+
1
2
ρv2
)
vi + κT∂iτ + τσ∂iν,
ji = Qvi + κq∂iτ + τσq∂iν + λq∂iµm + 
ij(κ˜q∂iτ + τ σ˜q∂iν + λ˜q∂iµm)
(4.25)
7At first order, there will be some terms proportional to fluid velocity vi. We have dropped those terms since
we are working in a local frame.
16
with,
ρ = 4m0(u
+)2, p = m0, ε = m0, vi =
ui
u+
+
1
4m0τ0
∂iτ +
ν0τ
2
0
2m20
∂iν,
Q = J0 = 4
√
3q0u
+ + ∆Q, ∆Q = − λq
2τ0
∂+τ +
12κq20
m0
ij∂iuj.
(4.26)
The transport coefficients in energy current are given by
η = u+, κT = − 1
τ0
, σ = −
√
3q0
m0
= −Qu
+
ρ
. (4.27)
Transports appearing in charge current are given by,
κq =
√
3q0 (3m0 + 2)
m0τ0
, σq =
√
3q0τ0
m0
κq, λq =
3
√
3q0(1 +m0)
m0
κ˜q = −12q
2
0κ
m0 τ0
, σ˜q = −12
√
3κq30
m20
, λ˜q = −24κq
2
0
m0
.
(4.28)
Entropy density of the system receives a correction at first order. We denote that correction [6]
by χ
s = 4piu+(1 + χ). (4.29)
Demanding that first law of thermodynamics will be satisfied at first order (in local frame), we
have
τsu+
[
∂+χ+
µu+
τs
∂+∆Q
]
= 0. (4.30)
From this equation we find first order correction to entropy density
s = 4piu+
(
1− ν
4pi
∆Q
)
. (4.31)
One can check that with this correction to entropy, Euler relation is satisfied for
%m = − 1
2(u+)2
, (4.32)
which means mass chemical potential does not receive any correction at first order and hence
ε + p + %mρ = 0 is also satisfied at first order in derivative expansion. This observation is in
agreement with [6].
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5 Discussion
In this paper we derive the constitutive relations of a charged Schro¨dinger fluid in holographic
set up. We start with a five dimensional geometry whose low energy fluctuations correspond
to a relativistic charged conformal fluid with a parity-odd term in global U(1) current [11,12].
Then we uplift the five dimensional solution to ten dimensions which fits with a particular
configuration in type IIB string theory. Using TsT transformation we generate a new solution
of type IIB theory with has Schro¨dinger isometry at the boundary. Upon reduction over
S5, the lower dimensional geometry serves as holographic dual of a Schro¨dinger fluid at the
boundary. Following the work of [15], with a little modification in presence of U(1) charge, we
compute boundary stress tensor complex which provides constitutive relations of a Schro¨dinger
fluid.
One can also obtain a Schro¨dinger fluid by reducing the constitutive relations of a relativistic
theory over light-cone. This direct approach produces set of constitutive relations for a lower
dimensional Schro¨dinger fluid in terms of all the data of its mother theory [4–6]. Similarly
reducing the first law of thermodynamics and Euler relation for relativistic fluid one can recover
first law and Euler relation for non-relativistic fluid but at the cost of an extra relation between
the thermodynamic variables : ε + p + %mρ = 0. This extra constraint implies that the fluid
we obtain under LCR is not a generic Schro¨dinger fluid rather a restricted class. See section
2. A generic Schro¨dinger fluid can have more terms in constitutive relations [8, 9]. Therefore,
we find it interesting to obtain the Schro¨dinger fluid holographically and check if holographic
results produce anything different than LCR. However, it turns out that both the approaches
result the same fluid. Thermodynamic variables, computed holographically, also satisfy an
extra condition ε+ p+ %mρ = 0 up to first order in derivative expansion. Probably there is no
surprise in our results, as TsT transformation also involves a reduction of the bulk geometry
along a light-cone direction to another geometry with Schro¨dinger asymptotic. An explicit
check of results enriches our understanding.
We start with a locally boosted baulk geometry which is dual to a relativistic charged fluid with
scale invariance. Scale invariance implies that the relativistic fluid has equation of state E −
3P = 0 and zero bulk viscosity. LCR of this fluid produces a non-relativistic fluid with equation
of state ε− p = 0 and with zero bulk viscosity (incompressible flow). We see that holographic
computations also produces the same result. For uncharged fluid, transport coefficients obtained
holographically (equation 4.27) exactly matches with transports obtained by LCR (2.17).
In case of charged fluid there are some apparent differences between holographic results and
LCR. This is because [6] used a different basis (τ, ν and p) than what we considered in this
paper. However, if we look at first order correction to physical charge density we see that Q has
a parity-odd correction Q = 4
√
3q0u
+ − λq
2τ0
∂+τ +
12κq20
m0
ij∂jvj. This correction term is same
as we get after LCR (equation 2.15). One striking difference is that holographic construction
restricts the fluid to have time independent reduced chemical potential ν.
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The extra constraint for non-relativistic system : The extra constraint relation ε +
p + %mρ = 0 for Schro¨dinger fluid when reduced holographically or by LCR is natural
8. In
(d+ 1) dimensions, a conformal relativistic fluid has d+ 1 constitutive relations. The number
of variables which appear in constitutive relations and thermodynamics is d + 4 (d velocities,
temperature T , energy E, pressure P and entropy S). Among these variables one can take
fluid velocity ui and temperature T as fluid variables and write energy momentum tensor as
derivative expansion of ui and T by solving constitutive equation. To solve the system exactly
we need to know other thermodynamic variables (energy, pressure and entropy) in terms of
temperature. Therefore we need three more equations. For relativistic fluid these equations are
the first law of thermodynamics, Euler relation and equation of state :
dP − SdT = 0 (1st law),
E + P − ST = 0 (Euler relation),
E − 3P = 0 (for conformal fluid).
(5.1)
Solving these equations for relativistic fluid we have S ∼ T 3, E ∼ 3T 4 and P ∼ T 4 (up to
an overall constant factor). Now consider a non-relativistic fluid in d − 1 space dimensions
(since LCR of a (d+ 1) dimensional relativistic theory gives a non-relativistic system in d− 1
space dimensions). This system has d + 1 constitute equations : one continuity equation,
d − 1 momentum conservation equations and one energy conservation equations and ariables
are : d− 1 velocities, temperature τ , mass chemical potential %m, energy density ε, pressure p,
entropy s and mass density ρ. Using constitutive equations one can write mass current, energy
current and stress tensor as derivative expansion of velocities, temperature and mass chemical
potential. Therefore we are left with four thermodynamic variables ρ, ε, s and p. To solve the
system we have three equations as before :
dp− sdτ − ρd%m = 0 (1st law),
ε+ p− sτ − %mρ = 0 (Euler relation)
(5.2)
and equation of state. If we consider the non-relativistic fluid obtained from a relativistic
system, then equation of state is given by ε − p = 0. With this equation one can solve the
above two equations (first law and Euler equation) and find : ε = p ∼ τ c1%2−c1m with c1 + c2 = 2.
To make it consistent with LCR (or holographic) results : ε = P, τ = T
u+
and %m = − 12(u+)2 ,
we have c1 = 4 and c2 = −2. These values of c1 and c2 can also be fixed, in stead, imposing
and extra condition ε+ p+ %mρ = 0. Therefore, when we synthesis a non-relativistic fluid from
an exactly solvable parent relativistic fluid we get that extra equation.
As mentioned in introduction, a more general class of Schro¨dinger fluid can be obtained by
light cone reduction of a modified relativistic system called ”null fluid”, a relativistic fluid with
an extra null isometry direction [8,9,37–39]. A reduction of this system in its symmetry broken
phase is equivalent to the non-relativistic fluid without any extra constraint relation. Thus we
have freedom to choose this extra condition. LCR provides that relation, null fluid construction
8We are thankful to Nabamita Banerjee and Akash Jain for a discussion on this issue.
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leaves that to us. In that sense, LCR deals with a particular type of fluid, where as null fluid
is more general. It would, therefore, be interesting to find a bulk dual for null fluid.
Thus we find that holographic computation of non-relativistic constitutive relations are in
one-to-one correspondence with those obtained by LCR up to first order in derivative expan-
sion.
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